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ABSTRACT 

Considering corrections to all orders in the Planck length on 
the quantum state density from a generalized uncertainty princi- 
ple (GUP), we calculate the statistical entropy of the scalar field 
on the background of the Schwarzschild black hole without any 
cutoff. We obtain the entropy of the massive scalar field propor- 
tional to the horizon 
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1 Introduction 



Three decades ago, Bekenstein had suggested that the entropy of a black hole 
is proportional to the area of the horizon through the thermodynamic analogy 
P]. Subsequently, Hawking showed that the entropy of the Schwarzschild 
black hole satisfies exactly the area law by means of Hawking radiation based 
on the quantum field theory [2J. After their works, 't Hooft investigated the 
statistical properties of a scalar field outside the horizon of the Schwarzschild 
black hole by using the brick wall method with the Heisenberg uncertainty 
principle (HUP) [3] . However, although he obtained the entropy proportional 
to the horizon area, an unnatural brick wall cutoff was introduced to remove 
the ultraviolet divergence near the horizon [H El El El E]- After these 
works, many efforts [TOj, [TT] have been devoted to the generalized uncertainty 
relations, which lead to the minimal length as a natural ultraviolet cutoff [12J, 
and its consequences, especially the effect on the density of states. 

Recently, in Refs. [131 HH [T3] , the authors calculated the entropy of black 
holes to leading order in the Planck length by using the newly modified 
equation of the density of states motivated by the generalized uncertainty 
principle (GUP) [TO], which drastically solves the ultraviolet divergences of 
the just vicinity near the horizon without a cutoff. Moreover, Nouicer has 
investigated the GUP effects to all orders in the Planck length on black 
hole thermodynamics [16J by arguing that the GUP up to leading order 
correction in the Planck length is not enough because the wave vector k does 
not satisfy the asymptotic property in the modified dispersion relation [TT] . 
Very recently, he has extended the calculation of entropy to all orders in the 
Planck length [18] for the Randall-Sundrum brane case [T9] . 

On the other hand, Yoon et. al. have very recently pointed out that 
since the minimal length a/A is actually related to the brick wall cutoff e, the 
entropy integral about r in the range of the near horizon should be carefully 
treated for a convergent entropy [20] . 

In this paper, we calculate the statistical entropy of a scalar field on the 
Schwarzschild black hole background to all orders in the Planck length by 
carefully considering the entropy integral about r in the range {thi fH + e) 
near the horizon. By using the novel equation of the density of states [El [18] 
motivated by the GUP in the quantum gravity, we calculate the quantum 
entropy of a massive scalar field on the Schwarzschild black hole background. 
As a result, we obtain the desired Bekenstein-Hawking entropy without any 
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artificial cutoff and little mass approximation satisfying the asymptotic prop- 
erty of the wave vector k in the modified dispersion relation. 



2 All order corrections of GUP 

Now, it is well-known that the deformed Heisenberg algebra pU] leads to 
the GUP showing the existence of the minimal length. In this section we 
briefly recapitulate this approach and exploit the recently obtained results 
[TBI fT8l I2T1 [221, EH] . Indeed, it has been shown that the Feynman propagator 
displays an exponential ultraviolet cutoff of the form of exp (— Xp 2 ), where the 
parameter a/A actually plays a role of the minimal length as shown later. Re- 
cently, this framework has been further applied to the black hole evaporation 
process [211 [22] • O n the other hand, the quantum gravity phenomenology 
has been tackled with effective models based on the GUPs and/or modified 
dispersion relations [26] containing the minimal length as a natural ultra- 
violet cutoff p2j. Moreover, the essence of the untraviolet finiteness of the 
Feynman propagator can be also captured by a nonlinear relation p = f(k), 
where p and k are the momentum and the wave vector of a particle, respec- 
tively, generalizing the commutator between the commutating operators x 
and p to 

dp 



dp 1 
%p\ = i-Qi AxAp > - 



dk 



(1) 



at the quantum mechanical level p2]. Then, the usual momentum measure 
nr=i dp 1 is deformed to 

n n op 

J=l 1=1 f 

For simplicity, in the following, let us restrict ourselves to the isotropic case 
in one space-like dimension. According to the Refs. [221 [23] , we have 



,3) 

where A is a dimensionless constant of order one in the Planck length units. 
Now, let us consider the following representation of the position and momen- 
tum operators 

X = % e xp2 d p , 

P = p. (4) 
Then, these operators satisfy the deformed algebra as follows 

[X,P]=ze Ap2 , (5) 
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Figure 1: Solutions of the Lambert function, W (£) e w ^ = £. When £ > 0, 
the Lambert function has only one real solution, Wq(^). For — 1/e < £ < 0, 
it has two real branches W"o(0 and W_i(£) with a branch point —1/e. For 
— oo < £ < —1/e, it has no real solution. 



which leads to the generalized uncertainty relation as 

AXAP > \(e xp2 )- (6) 

Next, in order to investigate the quantum implication of this deformed al- 
gebra, let us solve the above relation © for AP that is satisfied with the 
equality. Since (P 2n ) > (P 2 ) n and (AP) 2 = (P 2 ) - (P) 2 , the generalized 
uncertainty relation can be written as 

AXAP = -e A ( (AP)2+<p)2 ). (7) 

Taking the square of this expression and using the definition of the multi- 
valued Lambert function [27] (see Fig.l), we obtain 

W (0 e w ® = £, (8) 

where we have set W(£) = -2X {AP) 2 and £ = -^^e 2A(p)2 . 

On the other hand, by using this function the momentum uncertainty is 
given by 

In order to have a real solution for AP, the argument of the Lambert function 
is required to satisfy £ > —1/e, which leads to the following condition 

A ; e 2X ^ 2 <-. (10) 



2(AX) 2 - e 



3 



This gives naturally the position uncertainty as 



AX>^e^ 2 EAX min) (11) 

where AX m i n is a minimal uncertainty in position. Moreover, this minimal 
length, which is intrinsically derived for physical states with (P) = 0, is given 
by 

AX ^ = (12) 

This is the absolutely smallest uncertainty in position. In fact, this minimal 
length effectively plays a role of the brick wall cutoff giving the thickness 
of the thin-layer near the horizon [T3J [TJl [15]. Furthermore, the momentum 
uncertainty with (P) = is easily read from Eq. © with PU(£) = — 2A (AP) 2 

as 

AP= ^ e A(AP) 2 . (13) 

2 AX v ' 
A series expansion of Eq. ffl3|) naturally includes the well-known form of the 

GUP up to the leading order correction in the Planck length units [T3] as 
follows 

AXAP^ - [l + A(AP) 2 + £>((AP) 4 )] . (14) 

Then, the minimal length up to the leading order is given by 

AX L = V\ < AX A . (15) 

However, only this leading order correction of the GUP does not satisfy the 
property that the wave vector k asymptotically reaches the cutoff in large 
energy region as recently reported in Ref. [T7] . 

In the following sections we use the form of the GUP given by Eq. ( fl3l) 
with the corresponding minimal length (fl2l) to calculate the entropy of a 
scalar field on the Schwarzschild black hole background. In this paper, we 
take the units G = h = c=k B = l. 

3 Scalar field on the Schwarzschild black hole 
Background 

Let us consider the 4-dimensional Schwarzschild black hole solution as 

2M\ , 2 , / 2M\~ l 2 , , . 



ds A = - ( 1 - — ) dt z + ( 1 - — ) dr 2 + r'dttf 2) , (16) 
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where dCl%\ is a metric of the unit 2-sphere. In this background, let us first 
consider a scalar field with mass /i, which satisfies the Klein-Gordon equation 
given by 

(V 2 -^ 2 )$ = 0. (17) 

It can be rewritten as 

-h?$+\d r (r 2 fdM + ^—d e (sm9dg<Z>) + — -^-d 2 ^ -/i 2 $ = (18) 
/ r z v ' r z sm9 ran ti v 

with / = 1 — Substituting the wave function $(£, r, 9, <p) = e~ luJt ?p(r, 9, 0), 
we find that the Klein-Gordon equation becomes 



sm 9 v . 



U 9 \ 

+ y-/i 2 W = 0. 



(19) 

By using the Wenzel-Kramers-Brillouin approximation [3] with -0 ~ exp[iS(r, 9, 
we have 



Vr 2 = \V-T-^-" J k--f ± Y-A, (20) 

/ \ / r^sm 9 ) 

where 

95 95 OS 

Pr = ^ P9 = w p * = w (21) 

Furthermore, we also obtain the square module momentum as follows 

P 2 = ViV 1 = 9 rr Pr 2 + 9 d W + 0*W = j - /i 2 - (22) 
Then, the volume in the momentum phase space is given by 
V p (r, 9) = J dp r dp e 



3 v 7 / V/ 
with the condition u > . 



7(7 - /^ 2 ) • f 2 (7 - /^ 2 ) • f 2sin2 ^7 - ^ 



4 Entropy to all orders in the Planck Length 

Now, let us calculate the statistical entropy of the scalar field on the Schwarzschild 
black hole background to all orders in the Planck length units. When the 
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gravity is turned on, the number of quantum states in a volume element in 
phase cell space based on the GUP in the 3+1 dimensions is given by 



d 3 xd 3 " 



dn A = <L±^P e -^\ (24) 



where p 2 = p l pi (i = r, 8, <ft) and one quantum state corresponding to a cell of 
volume is changed from (27r) 3 into (27r) 3 e Ap in the phase space [T3 | [T^, [T5]. 

From the Eqs. f[2"2"j) and the number of quantum states related to 
the radial mode with energy less than uj is given by 



ua(uj) = [ drdOdcpdprdpgdpcbe 

(ztt) 6 J 



-Xp 2 

-i- J drd6d(PV p (r,6)e~ H ^-^ 
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It is interesting to note that iia(u) is convergent at the horizon without any 
artificial cutoff due to the existence of the suppressing exponential A-term 
induced from the generalized uncertainty principle. 

For the bosonic case, the free energy at inverse temperature (3 is given by 



H[l-e-P"«] 1 , (26) 

K 



where K represents the set of quantum numbers. Then, by using Eq. ( J25l ). 
we are able to obtain the free energy as 



i$>[l-e-^] « ^fdn A {u) In 



1-e 



00 , n A (u) 

du- 
V7 e 



Pu> 



3 

,2^ 2 



= -A I dr lL r <£z£U-h*-*>. (27) 

Here, we have taken the continuum limit in the first line and integrated it by 
parts in the second line. In the last line, since / —>■ near the event horizon, 
i.e., in the range of (r H ,r H + e), — fi 2 becomes y. Therefore, although we 
do not require the little mass approximation, the free energy can be rewritten 
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as 

2 rrH+e r 2 r°° to 3 , s 

F A = / dr— duj—„ -e" ~. 28) 

3nJr H f 2 Jo (e^-1) V ; 

On the other hand, we are also interested in the contribution from just 
the vicinity near the horizon in the range (rjj, Th + e), where e is related to 
a proper distance of order of the minimal length ( jT2l) as follows 




r H +e fa 




(29) 



lf{r) r H ^/2K(r-r H ) 
where the expansion of f(r) near the horizon is given by 

f(r) « f(r H ) + (r - r H ) +0((r- r H f) . (30) 

Here, k is the surface gravity at the horizon of the black hole, and it is 
identified as k = \{f)\p=p H = 2vr/? / T 1 = 1/(2^). 

Before calculating the entropy, let us mention that Yoon et. al. have 

recently suggested that since the minimal length in Eq. (12111) is related 



2 

to the brick wall cutoff e, the entropy integral about r in the range near the 
horizon should be carefully treated for obtaining a convergent entropy [20J. 
In particular, although the term (e@ w — 1) in Eq. (1281) with x = JhuJ was 



expanded in the previous works giving (3<J~^x, one may not simply expand 
up to the first order since < y = 2K ( r ~ rg ) < 2^. — K ^ near the horizon. 

Now, let us carefully consider the integral about r near the horizon by 
extracting out the e-factor through Taylor's expansion ( 130]) of f(r). Then, 
from Fa in Eq. (1281) the entropy can be obtained as 

PH f°° A ^ 4 f TH+e A ^ -A4 



— / duo ^—5 / dr—e f 

6tt Jo sinh 2 (^) Jr B f 2 



— / dx 7T—5 -Aa(x, e), (31) 

6n\ 2 V\Jo sinh 2 (^x) V ; ' V ; 

where x = y/Xu and the integral about r in the range of the near horizon is 
given by 

A^(x,e) = [ dr — e~~ = [ dr r 2 
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'7/+C 



dr 



ril 



r 2 H + 2r H (r -r H ) + ((r - r H ) 

' 2K(r-r H ) + O ((r - r H ) 
l + £k(r-r H 



12nr 2 H 



r H +e 



dr 



&nr 2 H e 2 



,r - r H 




(32) 



Then, the entropy is reduced as 

(3 2 h 



S A 



6tiX 2 V\ 



2„2^2 



dx 



x 



it e r 



H 



4A 



dy 



sinh 2 (^x) 
1 



Qnr 2 H e 2 
x 6 



y 2 sinh y ' 



(33) 



where y = -^x, /3hk = 2ir, and e = Ak/4. 

Therefore, when r -» r^, we finally get the desired entropy of the massive 
scalar field on the Schwarzschild black background as follows 



2^2^,2 



Sa 



tt e r 



H 



2C(3) 



4A 
1 e 2 C(3) 
4 2ttA 



7T^ 



e 2 C(3),. 2 
-(47rr 



8ttA 



.4. 



(34) 



where A = ^r 2 H and £(3) 



;i/n 3 



1.202. Moreover, if we assume 



the minimal length parameter A in the Planck length units as ^ ' , then the 
entropy can be rewritten by the desired area law as Sa = \ A. Note that 
there is no divergence within the just vicinity near the horizon due to the 
effect of the generalized uncertainty relation on the quantum states. 

On the other hand, in order to compare the result ( 1341) with those of the 
usual approximation approach [13], IHJ [15J, [18] , let us calculate the entropy in 
the usual coarse-grained approximation. In terms of the variable x = uj\J\/ f 

and the fact that — 1 = e^Vx 31 — 1 ~ P\f^ x f° r / — > 0, we have 



12 fH+ e r 2 roo 

Fa = -pmwL dr 7iL dxxe ~ 

f'ff+e f 2 



/3 60F(A) 3 / 2 ^ V7' 



dr^=. (35) 
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Then, from the free energy (J36J), the entropy to all orders for the scalar field 
is given by 



o _ ^Ft 
8(5 

1 fr H +e | 



dr—p= r 



2 



6v^FA 3 / 2 Jr H y/J 

1 r~nz -2 



\f^^ = -JJ^—A. (36) 



6v^A 3 / 2V ' H 24^/2 A 



This is smaller than Sa in Eq. flBTj) . which was obtained by using the rigorous 
approximation near the horizon. But, if we assume the minimal length pa- 
rameter A as 6v ^ 3 /2 ? then the entropy can be also rewritten by the desired 
Bekenstein-Hawkine law as S° A = | A. 

Finally, it seems to be appropriate to comment on the entropy ( 1341) to all 
orders in the Planck length comparing with the entropy to the leading order, 
which can be also carefully treated through the same expansion approach. 
In this case, the free energy up to the leading order [T3] is given by 

F L « -— / dr- / duo -3 (37) 

37T Jr H } Z JO ( e /3w + 



/ 

instead of Fa in Eq.( l28l) . Then, the entropy Sl is given by 

,dF L , 



S L = 13 



dp 

6tt 



\P=Pb 



Ph f°° , ^ 4 r H+e , r<2 

d/jj 7^—5 / dr- 



sinh 2 (^) Jr H p ^ + a^ 2 



(3 2 r°° x 4 



6n\ 2 \^\Jo sinlr^^x 



where x = y\uj and Al(x, e) is given by 

Ir 



A L (x,e) = - / dr- L^. (39) 

X JrH 



Then, the integral ( l39i) is obtained as 

= ±r** dr _ 2 K (r-r H ) + 0((r-r H ) 



l + $(r-r H ) + 0((r-r H ) 2 ] 
9 



2nr 2 H r r H 



dr 



Kr 2 H e 2 

X 6 



[r - r H ) + O (Or - r H 



As a result, the entropy up to the leading order correction becomes 

, 1 C(3) 



S, 



4 3ttA 



A<S A . 



(40) 



(41) 



5 Summary 

We have investigated the entropy (134j) to all orders in the Planck length 
units through the rigorous Taylor expansion approach comparing with the 
coarse-grained entropy flHUj) . which has been obtained through the usual ap- 
proximation approach. Although their values are different, we have obtained 
the desired Bekenstein-Hawking entropy by properly adjusting the minimal 
length parameter A for the both approximation approaches. 

In summary, we have studied the massive scalar field on the background 
of the Schwarzschild black hole by carefully counting the number of quan- 
tum states in the just vicinity near the horizon, based on the generalized 
uncertainty principle. As a result, we have obtained the desired Bekenstein- 
Hawking entropy to all orders in the Planck length units without any artificial 
cutoff and little mass approximation satisfying the asymptotic property of 
the wave vector k in the modified dispersion relation. 
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